Abstract. We establish a generic counting formula for the Euler number of a flat vector bundle of rank 2n over a 2n dimensional closed manifold, in terms of vertices of transversal open coverings of the underlying manifold. We use the Mathai-Quillen formalism to prove our result.
By the celebrated Gauss-Bonnet-Chern theorem [3] and its ramifications, if a real vector bundle F of rank 2n over a 2n dimensional closed smooth manifold M admits a flat connection preserving certain Euclidean metric on F , then the Euler number of F vanishes: e(F ), [M] = 0, where e(F ) is the Euler class of F . Milnor [8] constructs examples of rank two flat vector bundles over a closed surface of genus g ≥ 2 such that the corresponding Euler number is nonzero. A closely related question is the famous Chern conjecture on the vanishing of the Euler characteristic of a closed affine manifold (cf. [5] ).
Our original motivation is to understand the Chern conjecture by using the MathaiQuillen formalism on the geometric construction of the Thom class [7] . While our efforts [4] on proving the Chern conjecture in this way is not successful, we find that our method leads us to a kind of mystic counting formula for the Euler number of a flat vector bundle in terms of transversal open coverings of the underlying manifold. The purpose of this paper is to present this mystic formula.
This paper is organized as follows. In Section 1, we present the exterior algebra version of the Mathai-Quillen formalism, which allows us to avoid the usual difficulty in computing the Euler class that the connection in question need not preserve any metric on a given vector bundle. In Section 2, we prove our main result, which is stated as Theorem 2.4 in Section 2.1.
An exterior algebra version of the Mathai-Quillen formalism
In this section, we present an exterior algebra version of the Mathai-Quillen formalism [7] . That is, we replace the spinor bundle considered in [7] by the exterior algebra bundle. This gives a formula for the Euler class for an arbitrary connection on a Euclidean vector bundle.
Let π : E → M be a real oriented vector bundle of even rank over a closed oriented manifold M. Let ∇ E be a connection on E. Then it induces a connection
E be a Euclidean metric on E. For any Z ∈ E, let Z * ∈ E * be its metric dual. As usual (cf. [10, Section 4.3]), let c(Z) be the Clifford action on Λ * (E * ) defined by
where Z * ∧ (resp. i Z ) is the exterior (resp. interior) multiplication of Z * (resp. Z). Then
Let A be the superconnection [9] on π * Λ * (E * ) defined by Thus, we may well assume that ∇ E preserves g E . Then one can follow the strategy in [7] .
In fact, since the computation is local, one may well assume that E is spin. Then one has the following decomposition (cf. [6] ) in terms of the (Hermitian) spinor bundle
are the induced Hermitian connections on S(E), S * (E) respectively. From (1.3) and (1.5), one gets
By [7, Theorem 4.5] , one has
where 
For any U α , we fix a coordinate system (y 
on F | Uα do not depend on α, and we have the decomposition of the exterior differential on the total space F of F such that
and that
Without loss of generality, we assume that each U α has a smooth boundary ∂U α and that the ∂U α 's intersect to each other complete transversally. We call such an open covering of M a transversal open covering.
2 Then any point on M lies on at most 2n different boundaries. Moreover, the set
The existence of ρ α is clear.
For any function or a smooth form ρ on M, we use the same notation ρ to denote its lift π * ρ.
1 The ordering of U α 's, while arbitrary, will play an important role in what follows. 2 It is easy to see that such a transversal open covering always exists. 
As a final notation, we set
The following proposition will be proved in Section 2.4. Proposition 2.2. For any p ∈ B + , there is a sufficiently small open neighborhood V p ⊂ W p of p such that for any φ ∈ C ∞ (M) supported in V p with φ = 1 near p, the following limit exists,
Remark 2.3. The local index ν p in (2.9) depends essentially only on the correlations between
This fact might be of help when studying affine manifolds.
We can now state our main result as follows.
Theorem 2.4. The following identity holds,
Theorem 2.4 will be proved in Section 2.5.
Remark 2.5. The Milnor example mentioned earlier shows that the index ν p can be nonzero. On the other hand, the sum in the right hand side of (2.11) looks mystic. While it should be related to theČech cohomology (at least in the case of F = T M), it depends on the ordering of the coordinate charts U α 's. If one changes the ordering, then the set B + changes. This sounds interesting and deserves further study.
Superconnections and flat vector bundles.
In what follows, for clarity, we will decorate elements in π * Λ * (F * ) with a · notation.
Then Y is a well-defined canonical section of π * F over the total space F of F . For any T > 0, let η T ∈ Γ(π * F * ) be defined by 
Set on each π −1 (U α ) that
V is well-defined over F . From (2.16), (2.19) and (2.20), one has 
.
From (2.18), (2.23), (2.24) and a simple transgression argument, one gets
Proposition 2.7. For any Euclidean metric h F on F , one has
2.3. The analysis outside of B + . We continue to work with g 
Proof. By (2.3) and (2.16), one has
Thus, one has
For simplicity, we denote
Take p ∈ M. We assume that among {U α } N α=1 , there are exactly N p elements U α i , with α 1 > · · · > α Np , containing p.
If p does not lie on any boundary of U α 's, then from (2.28) and (2.29), one has
, where α i j runs through α i , 1 ≤ i ≤ N p . Each α i j appears at most once in a product. Moreover, by (2.7) and (2.16), one has near π −1 (p) that
Formula (2.26) follows from (2.30) and (2.32). We now assume that p lies on the boundaries of some U α 's. To be more precise, we assume that p lies on the boundaries of {U β i } Mp i=1 with β 1 > β 2 > · · · > β Mp . Then by (2.28), the terms we need to consider, near π −1 (p), are of the form
For simplicity, we assume that
By (2.16), there exists constant c 1 > 0 such that one has, near π −1 (p),
From (2.34), one sees that there exists constant C 1 > 0 such that when T >> 0, the following formula holds near p ∈ M, (2.35)
where for a form F dvol, we use the notation |F dvol| = |F |dvol, and |F dvol| ≤ |Gdvol| means |F | ≤ |G|.
Recall that the boundaries of U β i h 's intersect transverally to each other.
Since the function h used in the definition of ρ α 's in (2.6) is increasing, one has
It is easy to see that for a > 0 sufficiently small and T >> 0, the integration (for each
. Also, if k ≤ 2n − 2, then one has that, in view of (2.32), when T ≥ 1,
From (2.35)-(2.37), one finds that if α 1 > β i k or if k ≤ 2n − 2, then there exists a sufficiently small open neighborhood V p of p ∈ M such that for any smooth function
We need only to consider the case of k = M p = 2n − 1 with β 2n−1 > α 1 , and the case of M p = 2n. For the case of k = M p = 2n − 1 and β 2n−1 > α 1 in (2.33), if α i 1 < α 1 , then by (2.36) one still gets (2.38). Thus, we need only to deal with the term (2.39)
from which and the Stokes formula, we still get (2.38) via (2.36).
For the case of M p = 2n, by Remark 2.1 one has ρ α j = 1 (j = 1, ..., N p ) near p ∈ M. Thus one may assume k = 2n. Since β 2n (p) < α 1 (p), (2.38) follows from (2.36).
Thus (2.38), which implies (2.26), holds for p / ∈ B + .
Proof of Proposition 2.2.
We now suppose p ∈ B + . Recall that p is an intersection point of {∂U β i } For brevity, we set the notation on π −1 (W p ) that
Let 0 ≤ φ ≤ 1 be a smooth function on M such that Supp(φ) ⊂ V p where V p ⊂ W p is a sufficiently small open neighborhood of p, and that φ equals to 1 near p ∈ M. We need only to prove that the following limit exists,
For any T > 0, set
Lemma 2.9. When T > 0 is very large, one has
, which does not depend on α. Then one
By (2.40), (2.42), (2.44), (2.45) and the Stokes formula, one has
where the last equality follows from a vertical transgression argument (cf. (2.39)). For any q ∈ Supp(dφ), either one of ρ β i (q) > 0, or one of ρ β i 's vanishes near q. In the former case, since β i > α 1 , by proceeding as in (2.36), one sees that there is a small open neighborhood V q ⊂ W p of q such that for any f ∈ C ∞ (M) with Supp(f ) ⊂ V q , when T > 1 is large enough, one has (2.47)
while in the later case, by an easy vertical transgression argument, one has (2.48)
From (2.46)-(2.48) and a simple partition of unity argument, one gets (2.43).
From (2.42) and Lemma 2.9, one sees that
exists, which completes the proof of Proposition 2.2.
2.5. Proof of Theorem 2.4. First still assume that p ∈ B + . Recall that by Remark 2.1, one has that
We need only to deal with the term
which is examined in the following lemma.
Lemma 2.10. The following identity holds,
Proof. From (2.40), (2.44), (2.45) and (2.50), one deduces that Recall that α 1 > α i for i ≥ 2. Also, for any t ≥ 0, one has 0 ≤ 1 − e 
